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Abstract We perform a detailed study of two linear
time-delayed feedback laws for control of friction-
driven oscillations. Our comparative study also in-
cludes two different mathematical models for the non-
linear dependence of frictional forces on sliding speed.
Linear analysis gives stability boundaries in the plane
of control parameters. The equilibrium loses stability
via a Hopf bifurcation. Dynamics near the bifurcation
is studied using the method of multiple scales (MMS).
The bifurcation is supercritical for one frictional force
model and subcritical for the other, pointing to compli-
cations in the true nature of the bifurcation for friction-
driven oscillations. The MMS results match very well
with numerical solutions. Our analysis suggests that
one form of the control force outperforms the other by
many reasonable measures of control effectiveness.

Keywords Friction-induced vibration · Hopf
bifurcation · Time-delayed feedback control

1 Introduction

In this paper, we use linear time-delayed position feed-
back for the control of friction-driven vibrations. We
have considered a single-degree-of-freedom (SDOF)

A. Saha · B. Bhattacharya · P. Wahi (�)
Mechanical Engineering Department, Indian Institute
of Technology, Kanpur, 208016, India
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spring–mass–damper on a moving belt as our physi-
cal system. Two different forms of these control forces
popular in the literature have been considered and a
comparative study is performed on the effectiveness of
these forces in quenching these vibrations. Two differ-
ent mathematical models for dry friction, which differ
qualitatively in the dynamic behavior, have also been
considered highlighting the need for a detailed exper-
imental study to unravel the true dynamic behavior of
friction-induced vibrations.

Friction-induced vibrations, a type of self-excited
oscillation (refer to [1, 2]), are a frequently encoun-
tered problem in many engineering systems (e.g.,
brake-squeal, train curve squeal, clutch chatter, machi-
ne-tool chatter, vibrations in controlled positioning
systems). The drooping characteristic of the friction
force (decrease in the friction force with an increase
in the relative velocity) in the low relative velocity
regime has been established as one of the major causes
of such violent vibrations [2]. With an increase in the
relative velocity past some critical value, the friction
force either increases with an increase in the relative
velocity or attains a constant value. As a result, the
system undergoes bounded periodic motions, the so-
called limit cycle oscillations. Since these self-excited
vibrations are highly undesirable in most engineering
applications, it is useful to get a better understand-
ing of the phenomena to develop efficient methods for
controlling such oscillations.

Several friction models have been proposed in the
literature for modeling frictional slip [3–12]. These

mailto:wahi@iitk.ac.in
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models incorporate varying physical phenomena asso-
ciated with friction. The most popular models among
researchers focusing on friction-induced vibrations in-
clude the exponential friction model proposed by Hin-
richs et al. [3] and a polynomial type friction model
proposed by Thomsen [4] (motivated by a model given
in the book by Panovko and Gubanova [5]). These sim-
ple empirical models account only for the drooping
characteristics of the friction force and do not take into
account other aspects, like hysteresis and acceleration.
However, the force during frictional slip is known to
be complicated and depends on several other parame-
ters [6]. As early as in 1983, Ruina [6] discussed some
experimentally motivated internal state variable fric-
tion laws which may depend on slip rate and/or slip
distance for modeling friction under unsteady condi-
tions. The effect of these on stability of steady sliding
was also considered therein. In recent times, McMil-
lan [7] considered a phenomenological model wherein
the friction force depends on the acceleration and as
a result there is hysteresis near zero relative velocity.
Some other recent models of friction incorporate the
microscopic degrees of freedom, and such models are
known as dynamic models of friction [8–12]. The Lu-
Gre model proposed by Canudas de Wit et al. [8] is
the most widely used form of the microscopic model
of friction. In this model, the asperities of the fric-
tion interface are considered as elastic spring-like bris-
tles and this model accounts for several of the known
physical phenomena related to friction. More realis-
tic friction models qualitatively showing a larger vari-
ety of observed frictional behavior have been obtained
by appropriate modifications of the LuGre model; e.g.
the elasto-plastic friction model [9], the Leuven model
[10, 11] and the generalized Maxwell-slip friction
model [12]. Awrejcewicz and Olejnik [13] reviewed
most of the friction models and the related system dy-
namics. In this paper, we have considered the expo-
nential friction model [3] as well as the polynomial
friction model (as used by Thomsen [4]). These two
models account for the same physical phenomenon,
viz. instability due to the drooping characteristic of the
friction force, but differ in their qualitative dynamic
behavior. This happens because stability of the system
is governed by the slope of the control force vs. rela-
tive velocity plot at the operating point which is nega-
tive for both the models while the nonlinear behavior is
dictated by higher-order derivatives, and these models
differ in the sign of the third derivative of the control

force w.r.t. the relative velocity. Detailed experimental
study is, therefore, required to ascertain the true qual-
itative dynamic behavior of these vibrations and un-
derstanding the role of the various process parameters
in determining them. This will be carried out in our
future work.

Most studies on friction-induced vibrations either
consider a rigid mass on a moving belt system or they
model their physical system using this idealization.
Awrejcewicz and Olejnik [13, 14] analyzed the non-
linear phenomena exhibited by a duo-servo brake sys-
tem with dry friction. They modeled the brake mecha-
nism by a two-degrees-of-freedom mass on a moving
belt system where the normal load varies with the dis-
placement of the mass. The response of a SDOF dry
friction oscillator under (a) constant belt velocity, (b)
harmonic driving force, and (c) their combination is
investigated by Andreaus and Casini [15]. The dynam-
ical behavior of a dry friction oscillator with simulta-
neous self- and external excitation is analyzed by Hin-
richs et al. [3]. Hetzler et al. [16] studied the stability
and local bifurcation behavior of the exponential fric-
tion model [3] in the pure sliding domain of a SDOF
friction oscillator. Li and Feng [17] performed a pre-
liminary bifurcation study of a SDOF oscillator with
the LuGre friction model and observed chaotic mo-
tions, stick-slip motions and period doubling phenom-
enon.

Several strategies have been investigated in re-
cent times for controlling friction-induced vibrations.
High frequency tangential excitation was proposed
by Thomsen [4] for controlling these self-excited os-
cillations, and its effectiveness in controlling stick-
slip chaos in a frictional oscillator was experimen-
tally studied by Feeny and Moon [18]. Popp and
Rudolph [19] discussed fluctuating normal load due to
a geometrically nonlinear coupling of modes as a pas-
sive means to control friction-induced stick-slip mo-
tion. Chatterjee [20] analyzed an externally imposed
normal-force modulation as a means to control these
vibrations. Heckl and Abrahams [21] proposed an ac-
tive control scheme based on a phase-shifted veloc-
ity feedback for quenching friction-induced oscilla-
tions. Active control of a floating caliper disc brake
squeal using ‘smart pads’ composed of piezoceramic
staple actuators and optimal feedback control strategy
has been experimentally investigated by von Wagner
et al. [22].

Time-delayed control has become very popular
among researchers focusing on feedback control.
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Atay [23] and Maccari [24, 25] investigated the use
of time-delayed state feedback method in controlling
free, forced and parametric vibrations in the van der
Pol oscillator. Hu et al. [26] studied the primary res-
onance and 1/3 subharmonic resonance of a harmon-
ically forced Duffing oscillator under state feedback
with a time delay. The effectiveness of delayed posi-
tion feedback in controlling payload pendulations in
rotary cranes was demonstrated by Masoud et al. [27],
while Jnifene [28] considered control of vibrations in
a single-link flexible manipulator. Qian and Tang [29]
considered time-delayed feedback controller for the
instability of a nonlinear beam under moving load.
However, there are very limited studies concentrating
on its use for control of friction-induced vibrations.
Das and Mallik [30] considered time-delayed PD feed-
back control of self-excited and forced vibrations of
a friction-driven system. Chatterjee [31] has investi-
gated time-delayed feedback control of different types
of friction-induced instabilities. Neubauer et al. [32]
presented the use of time-delayed position feedback to
control stick-slip vibrations and experimentally inves-
tigated time-delayed velocity feedback for control of
an automotive disc brake. Although the control forces
in [30] and [31] are differing in functional form, they
are applied in the same direction which is parallel to
the friction force. However, the control force in [32]
is applied in the normal direction. In our analysis, we
will consider the control forces as in [30] and [31] and
compare their effectiveness in quenching these oscil-
lations.

The rest of the paper is organized as follows. In
Sect. 2, we present our mathematical model with
the two different friction models and the two control
forces derived from time-delayed position feedback.
Section 3 analyzes the system with the polynomial
friction model. Linear stability analysis and nonlinear
analysis by two different approaches have been per-
formed. Similar analysis for the friction oscillator with
the exponential friction model is briefly presented in
Sect. 4. In Sect. 5, we compare the efficacy of the con-
trol forces in quenching friction-driven oscillation us-
ing different measures of control performance. Finally,
some conclusions are drawn in Sect. 6.

2 The mathematical model

We consider a simplified model for the study of
friction-induced vibrations consisting of a spring–

Fig. 1 Damped harmonic oscillator on a moving belt as a model
for friction-driven vibrations

mass–damper system with the mass resting on a fric-
tion belt moving with a constant velocity as shown in
Fig. 1.

The equation of motion of the system is given as

M
d2X

dt2
+ C

dX

dt
+ KX = F(Vr) + Fc, (1)

where F(Vr) = N∗
0 μ(Vr) is the friction force (N∗

0 is
the total normal load including the weight of the slider
and μ(Vr) is the friction function) and Fc is the control
force. Note that we have assumed a linear dependence
of the friction force on the normal load. In reality this
dependence could be nonlinear as well. However, this
does not affect the analysis in the current paper since
the normal load is assumed to be a constant. We will
consider two different control forces (as in [31] and
[30]), viz.

(Fc)1 = −K∗
c1

(
X − X(t − T ∗

1 )
)
, (2a)

(Fc)2 = K∗
c2X(t − T ∗

2 ) (2b)

for the analysis in this paper. K∗
c1, K∗

c2 are the control
gains and T ∗

1 > 0, T ∗
2 > 0 are the time delays. There

is no a priori assumption on the sign of the control
gains, and hence, the direction of the control force in
Fig. 1 is not critical. In all future discussions, we will
focus only on the case K∗

c1 > 0, K∗
c2 > 0 and any re-

quired change in the sign of the control forces would
be achieved by suitably adjusting the time delays.

The non-dimensionalized form of the equations of
motion (using the characteristic time scale fixed by
ω0 = √

K/M and the characteristic length by x0 =
N∗

0 /(Mω2
0)) with the control forces 1 and 2 is

x′′ + 2ξx′ + x = μ(vr) − Kc1
(
x − x(τ − T1)

)
, (3a)

x′′ + 2ξx′ + x = μ(vr) + Kc2x(τ − T2), (3b)
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Fig. 2 (a) The friction force versus the relative velocity for the two friction models; (b) A zoomed view of the boxed region in (a).
Parameters: μs = 0.4, μm = 0.3, vm = 0.8, μk = 0.255, a = 1.6

where primes denote derivative with respect to the
non-dimensional time τ = ω0t . The other non-dimen-
sional quantities are:

T1 = ω0T
∗
1 , T2 = ω0T

∗
2 , ξ = C

2Mω0
,

x = X

x0
, vb = Vb

ω0x0
, Kc1 = K∗

c1

Mω2
0

,

Kc2 = K∗
c2

Mω2
0

, vr = Vr

ω0x0
= Vb − Ẋ

ω0x0
= vb − x′.

We will also consider two different functional
forms for the friction force. The first one is a poly-
nomial type representation (as used by Thomsen [4])

μ(vr) = μssgn(vr )− 3

2
(μs −μm)

(
vr

vm

− 1

3

(
vr

vm

)3)
,

(4)

where vr = vb − x′ is the (non-dimensional) relative
velocity between the mass and the belt, μs is the co-
efficient of static friction, and vm is the velocity cor-
responding to the minimum coefficient μm of kinetic
friction, μm ≤ μs . We will also use the exponential
friction model [3] given by

μ(vr) = (
μk + �μe−a|vr |)sgn (vr ), (5)

where �μ = μs − μk , μs is the coefficient of static
friction, μk is the minimum coefficient of kinetic fric-
tion, and a is the slope parameter. Both the friction
models with some typical parameter values are shown
in Fig. 2. For this particular choice of parameter val-
ues, the two curves match reasonably well up to an ab-
solute relative velocity of 0.8. This regime of relative
velocity along with this particular set of parameters,
i.e., μs = 0.4, μm = 0.3, vm = 0.8, μk = 0.255, and
a = 1.6, will be used for comparing the two friction
models. A set of experimentally obtained data points
in this range can be fitted to any one of these two fric-
tion models. The two friction models have negative
slope (for any relative velocity in the interval of in-
terest 0–0.8) which governs the stability of the sys-
tem. However, they differ in the sign of the rate of
change of curvature, i.e., the third derivative of the
force w.r.t. the relative velocity, and as a consequence,
exhibit significantly different qualitative nature of the
dynamic response. This observation is important as it
warns against curve fitting of the experimental data
points with any chosen function without invoking the
physics behind the phenomenon. We restrict attention
to the interval vr = 0–0.8 resulting in a smooth func-
tion for the friction force and allowing us to use series
expansions to get a polynomial representation required
for the perturbation analysis. This assumption negates
the possibility of stick-slip motion thereby effectively
restricting motions to pure slipping.
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Now consider the equation of motion (3a). The
steady-state (x′′ = x′ = 0) solution is xeq = μ(vb).
Similarly, the steady-state solution for the equation
of motion (3b) is xeq = μ(vb)

1−Kc2
(for Kc2 �= 1). Shift-

ing the origin to the equilibrium solution by intro-
ducing the coordinate transformation z = x − xeq (i.e.
z′ = x′, z′′ = x′′) and after some straightforward ma-
nipulations, the equations of motion (3a) and (3b) for
the polynomial friction model reduce to

z′′ + z = h1z
′ + h2z

′2 + h3z
′3

− Kc1
(
z − z(τ − T1)

)
, and (6a)

z′′ + z = h1z
′ + h2z

′2 + h3z
′3 + Kc2z(τ − T2), (6b)

where

h1 = −2ξ + α1

(
1 −

(
vb

vm

)2)
, h2 = α1

v2
m

vb,

h3 = −
(

μs − μm

2v3
m

)
and (7)

α1 = 3

2

(
μs − μm

vm

)
> 0.

The non-dimensionalized equations of motion for the
two control forces in the transformed coordinates are

z′′ + z = −2ξz′ + γ
(
eaz′ − 1

)

− Kc1
(
z − z(τ − T1)

)
, and (8a)

z′′ + z = −2ξz′ + γ
(
eaz′ − 1

) + Kc2z(τ − T2) (8b)

for the exponential friction model, where γ =
�μe−avb .

3 Analysis of the system with the polynomial
friction model

3.1 Linear stability analysis

We first linearize (6a) and (6b) about the equilibrium
(z = 0) to get

z′′ + (1 + Kc1)z − h1z
′ = Kc1z(τ − T1), and (9a)

z′′ + z − h1z
′ = Kc2z(τ − T2). (9b)

The corresponding characteristic equations are

s2 − h1s + (1 + Kc1) − Kc1e
−sT1 = 0, and (10a)

s2 − h1s + 1 − Kc2e
−sT2 = 0. (10b)

On the stability boundary, either the most dominant
pair of roots becomes purely imaginary, i.e., s = ±jω

(a Hopf bifurcation), or the most dominant root is at
the origin, i.e., s = 0. Typically a root at the origin is
associated with bifurcations to other steady-state so-
lutions. However, the form of nonlinearity associated
with our model precludes any other steady state and,
hence, the solutions diverge after loss of stability past
s = 0.

We first investigate the stability boundary corre-
sponding to the Hopf bifurcation and, therefore, we
substitute s = jω into (10a) and (10b), where ω deter-
mines the frequency of the ensuing periodic solution.
Separating the real and imaginary parts of the equa-
tions, gives us

ω2 − (1 + Kc1) + Kc1 cos(ωT1) = 0, (11a)

h1ω = Kc1 sin(ωT1) (11b)

for (10a) and

ω2 − 1 + Kc2 cos(ωT2) = 0, (12a)

h1ω = Kc2 sin(ωT2) (12b)

for (10b). These can be solved for the two unknowns
(Kc1,c2 and T1,2) with the other unknown ω as the pa-
rameter for a given vb. The parametric dependence of
the critical values of Kc1,c2 and T1,2 on ω for (10a)
and (10b) is given by

Kc1o = (ω2 − 1)2 + h2
1ω

2

2(ω2 − 1)
,

T1o = 2

ω

[
tan−1

(
ω2 − 1

h1ω

)
+ 2iπ

]

∀i = 0,1,2, . . . ,∞,

(13a)

Kc2o =
√

(1 − ω2)2 + h2
1ω

2,

T2o = 1

ω

[
tan−1

(
h1ω

1 − ω2

)
+ 2iπ

]

∀i = 0,1,2, . . . ,∞.

(13b)

For a Hopf bifurcation to occur, the characteris-
tic roots must cross the imaginary axis transversally.
Therefore, the sign of the following quantities (con-
sidering the control gains as the bifurcation parameter)
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Fig. 3 Stability boundaries for (a) control force 1 and (b) control force 2. Parameters: ξ = 0.06, μs = 0.4, μm = 0.3, vm = 0.8

must also be checked:

R1(ωc,Kc1o)

= sgn

[
Re

(
ds

dKc1

∣∣∣∣
jωc,Kc1o

)]

= sgn
[
(h1 + Kc1oT1o)

(
1 − cos(ωcT1o)

)

− 2ωc sin(ωcT1o)
]
, (14a)

R2(ωc,Kc2o)

= sgn

[
Re

(
ds

dKc2
|jωc,Kc2o

)]

= sgn
[
Kc2oT2o − h1 cos(ωcT2o)

− 2ωc sin(ωcT2o)
]
. (14b)

If R1,2 < 0, the equilibrium becomes stable for
Kc1,c2 > Kc1o,c2o and if R1,2 > 0, the equilibrium be-
comes unstable for Kc1,c2 > Kc1o,c2o. The stability
boundary corresponding to the Hopf bifurcation in the
plane of control parameters (Kc1 vs. T1) for control
force 1 is plotted using (13a) in Fig. 3(a) and the sta-
ble region is identified using (14a). A similar diagram
is presented for control force 2 using (13b) and (14b)
in Fig. 3(b).

To complete the stability diagram, we need to con-
sider the case s = 0. This case is obtained by replac-
ing ω = 0 in (11) and (12). Substitution of ω = 0 into
(11a) leads to the contradiction 1 = 0 and, hence, this

scenario cannot happen for control force 1 and there-
fore there is no restriction on Kc1. A similar substi-
tution into (12a) gives us Kc2 = 1 and we can easily
verify that R2 > 0. Therefore, the solutions will di-
verge for control force 2 when Kc2 > 1. Hence, the
stability regime for control force 2 is bounded above
by Kc2 = 1. This restriction is, however, not severe as
we can achieve stability for significantly smaller val-
ues of Kc2.

As mentioned above, Fig. 3 shows the stability
boundaries separating the stable and unstable regions
of the static equilibrium for different belt velocities.
The belt velocities are chosen to be less than the crit-
ical belt velocity corresponding to the Hopf bifurca-
tion point of the uncontrolled system such that the sta-
tic equilibrium of the uncontrolled system is unstable.
The stability region increases with an increase in the
belt velocity as expected. The stability boundary for
the case of the critical belt velocity corresponding to
the Hopf point of the uncontrolled system can be ob-
tained analytically in closed form following the analy-
sis in [35].

Using (7) and (11b) (for control force 1) and (7)
and (12b) (for control force 2), we can get the critical
belt velocities (vb)c1 and (vb)c2 corresponding to the
Hopf bifurcation point for given values of the control
gain and the time delay as

(vb)c1 = vm

√

1 − 1

α1
(h1 + 2ξ)



A comparative study on the control of friction-driven oscillations by time-delayed feedback 21

= vm

√

1 − 1

α1

(
Kc1 sin(ω1T1)

ω1
+ 2ξ

)
, (15a)

(vb)c2 = vm

√

1 − 1

α1
(h1 + 2ξ)

= vm

√

1 − 1

α1

(
Kc2 sin(ω2T2)

ω2
+ 2ξ

)
, (15b)

where ω1 and ω2 are to be obtained from (11a) and
(12a), respectively.

3.2 Nonlinear analysis

In this subsection, we perform a nonlinear stability
analysis to ascertain the nature of the Hopf bifurca-
tion. This subsection also highlights the difference be-
tween the results obtained using two different asymp-
totic methods, viz. averaging (as in [31, 33]) and the
method of multiple scales (as in [34, 35]). Both the
methods require the nonlinear terms to be small, but
differ in the treatment of the linear damping and the
delayed term. When using the averaging, we must treat
damping and the delayed terms as small. For example,
the equation for control force 2 has to be written as

z′′ + z = ε
(
h1z

′ + h2z
′2 + h3z

′3 + Kc2z(τ − T2)
)
.

However, with the method of multiple scales (MMS),
we can treat linear damping and the delayed terms as
O(1), i.e., not small, thereby obtaining more accurate
results. In particular, the equation for control force 2
would be

z′′ + z − h1z
′ − Kc2z(τ − T2) = εh2z

′2 + ε2h3z
′3.

Note that the MMS used in this paper is different from
the one used in [30] wherein the delayed term and
linear damping were treated as small thereby remain-
ing closer in spirit to the method of averaging used in
[31, 33].

3.2.1 Averaging method

As described above, to perform averaging, we rewrite
(6a) and (6b) in the following form:

z′′ + z = εf
(
z(τ ), z′(τ ), z(τ − T1,2)

)
, 0 < ε 	 1,

(16)

where

εf
(
z(τ ), z′(τ ), z(τ − T1)

)

= h1z
′ + h2z

′2 + h3z
′3 + Kc1z(τ − T1)

− Kc1z(τ ) (for control force 1), (17a)

and

εf
(
z(τ ), z′(τ ), z(τ − T2)

)

= h1z
′ + h2z

′2 + h3z
′3

+ Kc2z(τ − T2) (for control force 2). (17b)

The unperturbed system for ε = 0 is a simple har-
monic oscillator (SHO) and, hence, the system is ef-
fectively reduced to a perturbation of the SHO. The
slowly varying solution of (16) is assumed (as in
[31, 33]) to be

z = A1(τ ) sin
(
τ + ϕ1(τ )

)
,

z′ = A1(τ ) cos
(
τ + ϕ1(τ )

)
.

(18)

A1(τ ) and ϕ1(τ ) are slowly varying functions of
time τ . Hence, it is appropriate to assume A1(τ −T ) ≈
A1(τ ), and ϕ1(τ − T ) ≈ ϕ1(τ ) (see [33]). Thus, fol-
lowing the standard averaging method, we obtain

A′
1 = 1

2

(
h1 − Kc sin(T )

)
A1 + 3

8
h3A

3
1, (19)

where h1 and h3 are given by (7) and Kc denotes Kc1

or Kc2 for the control forces 1 or 2, respectively. Sim-
ilarly, T denotes T1 or T2 for the control forces 1 or 2,
respectively. The coefficient of the linear term contains
the bifurcation parameter and changes sign at some
critical value of the bifurcation parameter (the stability
boundary) which is given by the zero level set of the
function

L(T ,Kc, vb) = h1 − Kc sin(T ). (20)

Figure 4 compares the stability boundary obtained
using the averaging method with the exact stability
boundary obtained using the linear stability analysis.
It is observed that the stability boundaries obtained by
the averaging method do not match the exact stability
boundaries very well. The gross overestimation of the
stability regimes by the averaging method is due to the
approximation in (16) wherein Kc1 is O(ε) thereby
restricting the analysis to small values of Kc1 only,
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Fig. 4 Comparison of the exact stability boundary with that obtained from the averaging method for the polynomial friction model.
(a) Control force 1; (b) Control force 2. Parameters: vb = 0.3, ξ = 0.06, μs = 0.4, μk = 0.3, vm = 0.8

whereas the required values of Kc1 for stability are
sufficiently large.

We observe from (19) that the linear term is nega-
tive in the stable region and becomes positive in the
unstable region (e.g., if Kc is considered a bifurca-
tion parameter, we enter the unstable region for Kc <

Kco and therefore, L(T ,Kc, vb) > 0). Since h3 < 0
(see (7)), we get a stable limit cycle in the linearly un-
stable regime signifying a supercritical Hopf bifurca-
tion.

The approximate critical belt velocity (belt veloc-
ity corresponding to the Hopf bifurcation point) for a
given control gain and time delay for the polynomial
friction model with the two control forces is given by

(vb)non = vm

√

1 − 1

α1

(
2ξ + Kc sin(T )

)
. (21)

For operating belt velocities larger than this critical
value, due to supercriticality of the Hopf bifurcation,
the static equilibrium is globally stable. When the op-
erating belt velocity is smaller than this value, the sta-
tic equilibrium is unstable (based on the averaging
results) and we get a stable limit cycle of amplitude
(from (19))

A1 =
√

4

3h3

(
Kc sin(T ) − h1

)
. (22)

In what follows, we apply the method of multiple
scales (MMS) [34, 35] wherein no assumption is made
on the magnitude of the friction force or the con-
trol force, and the unperturbed equation corresponds
exactly to the linearized delay differential equation
(DDE) studied in Sect. 3.1. We will present our analy-
sis using MMS for control force 2 only. The procedure
for control force 1 follows exactly and is not presented
here.

3.2.2 Method of multiple scales (MMS)

To cast (6b) in the standard form for applying the
method of multiple scales, we require a small para-
meter, say 0 < ε 	 1, and we further require the non-
linear terms to be small. In order to achieve this goal,
we transform coordinate as z = εy which after some
straightforward manipulation leads to

y′′ +y −h1y
′ −εh2y

′2 −ε2h3y
′3 −Kc2y(τ −T2) = 0.

(23)

Next, we identify the Hopf point (i.e., the critical value
of the bifurcation parameter Kc2o at T2 = T2o obtained
from linear stability analysis, i.e., (13b)) and perturb it
as follows: Kc2 = Kc2o + ε2Δ. Equation (23), then,
becomes

y′′ + y − h1y
′ − εh2y

′2 − ε2h3y
′3
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− (
Kc2o + ε2Δ

)
y(τ − T2o) = 0. (24)

For ε = 0, (24) reduces exactly to the linearized equa-
tion (9b) whose solution is known to us.

We next define multiple time scales as: t0(τ ) = τ ,
the original time scale; and slow time scales t1(τ ) =
ετ , t2(τ ) = ε2τ , and so on. Following [34, 35], the so-
lution to (24) is assumed to be a function of these dif-
ferent independent time scales, as y(τ) = Y(t0, t1, t2).
Next, we expand Y(t0, t1, t2) into a series of powers of
ε as

y(τ) ≡ Y(t0, t1, t2)

= Y0(t0, t1, t2) + εY1(t0, t1, t2)

+ ε2Y2(t0, t1, t2) + · · · . (25a)

The delayed term y(τ − T2o) is accordingly written as

y(τ − T2o) ≡ Y
(
t0 − T2o, t1 − εT2o, t2 − ε2T2o

)

= Y0
(
t0 − T2o, t1 − εT2o, t2 − ε2T2o

)

+ εY1
(
t0 − T2o, t1 − εT2o, t2 − ε2T2o

)

+ · · · . (25b)

Equation (25b) is further expanded into a Taylor se-
ries about ε = 0. This is finally substituted into (24)
along with (25a) and various powers of ε are collected.
The resulting equation at the first order, i.e., O(ε0), is

∂2Y0

∂t2
0

+ Y0 − h1
∂Y0

∂t0
= Kc2oY0(t0 − T2o, t1, t2), (26)

where the explicit dependence on the various time
scales has been dropped for brevity. The various time
scales have been retained for the delayed term in (26)
to clarify the resulting delayed term after the Taylor
expansion. The steady-state solution to (26) (from lin-
ear analysis) can be written as

Y0 = C1 sin(ωt0) + C2 cos(ωt0), (27)

where C1 = C1(t1, t2) and C2 = C2(t1, t2). The equa-
tion at O(ε) after substituting (27) for Y0 is

∂2Y1

∂t2
0

− h1
∂Y1

∂t0
+ Y1 − Kc2oY1(t0 − T20)

+ P1 sin(ωt0) + P2 cos(ωt0) + P3 sin(2ωt0)

+ P4 cos(2ωt0) + P5 = 0, (28)

where

P1 = (−h1 + Kc2oT2o cos(ωT2o)
)∂C1

∂t1

− (
2ω − Kc2oT2o sin(ωT2o)

)∂C2

∂t1
,

P2 = (
2ω − Kc2oT2o sin(ωT2o)

)∂C1

∂t1

+ (−h1 + Kc2oT2o cos(ωT2o)
)∂C2

∂t1
,

P3 = h2ω
2C1C2,

P4 = −h2ω
2

2

(
C2

1 − C2
2

)
,

P5 = −h2ω
2

2

(
C2

1 + C2
2

)
.

To avoid secular terms, the coefficients of sin(ωt0) and
cos(ωt0) in (28) are set to zero. This gives us ∂C1

∂t1
= 0

and ∂C2
∂t1

= 0. Equation (26) can then be solved for Y1

in the following form:

Y1 = C3 + C4 sin(2ωt0) + C5 cos(2ωt0), (29)

by considering the particular solution only. The coef-
ficients C3, C4 and C5 can be obtained in terms of the
parameters in (28). The results obtained so far, includ-
ing the expressions ∂C1

∂t1
and ∂C2

∂t1
, are now substituted

into the equation at O(ε2). Again there are terms con-
taining sin(ωt0) and cos(ωt0) which can give rise to
secular terms. Accordingly, and as before, the coef-
ficients of sin(ωt0) and cos(ωt0) in the O(ε2) equa-
tion are set to zero which can then be solved to obtain
∂C1
∂t2

and ∂C2
∂t2

. The above procedure can in principle be
continued indefinitely to any order. Finally, the rate of
change of C1 and C2 in the original time τ (up to the
second order) is given by

C′
1 = ∂C1

∂τ
= ε

∂C1

∂t1
+ ε2 ∂C1

∂t2
+ O

(
ε3) and

C′
2 = ∂C2

∂τ
= ε

∂C2

∂t1
+ ε2 ∂C2

∂t2
+ O

(
ε3).

The actual expressions involved, obtained here using
the symbolic algebra package MAPLE, are lengthy
and not displayed here. We further change variables
to polar coordinates as C1(τ ) = R1(τ ) cos(ϕ1(τ ))

and C2(τ ) = R1(τ ) sin(ϕ1(τ )). The solution in the
original variable becomes z(τ ) = εy(τ) = A1(τ ) ×
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Fig. 5 Amplitude of pure slipping motion of the mass as a func-
tion of (a) control gain, (b) belt velocity. Circles correspond to
numerical solution of (6b). Solid and dashed lines correspond

to MMS results and results obtained from the averaging method
respectively. (vb)c2 denotes the critical belt velocity for control
force 2

sin(τ +ϕ1(τ )), where A1(τ ) = εR1(τ ). The slow-flow
equations governing the evolution of the amplitude
and the phase are

dA1

dτ
= (B1Δ1)A1 + B2A

3
1, (30)

dϕ1

dτ
= (B3Δ1) + B4A

2
1, (31)

where Δ1 = ε2Δ and

B1 = 1
4

H0+H1ω+H2ω
2+H3ω

3+H4ω
4+H5ω

5

D0+D1ω+D2ω
2+D3ω

3+D4ω
4+D5ω

5+D6ω
6 ,

B2 = 1
4

G3ω
3+G4ω

4+G5ω
5+G6ω

6+G7ω
7+G8ω

8

D0+D1ω+D2ω
2+D3ω

3+D4ω
4+D5ω

5+D6ω
6 ,

B3 = 1
4

U0+U1ω+U2ω
2+U3ω

3+U4ω
4+U5ω

5

D0+D1ω+D2ω
2+D3ω

3+D4ω
4+D5ω

5+D6ω
6 ,

B4 = 1
4

W3ω
3+W4ω

4+W5ω
5+W6ω

6+W7ω
7

D0+D1ω+D2ω
2+D3ω

3+D4ω
4+D5ω

5+D6ω
6 .

The expressions for H0, H1, H2 etc. are very lengthy
and are given in Appendix. The amplitude of the limit
cycle from the amplitude equation (30) is

A1 =
√

−B1Δ1

B2
. (32)

For the parameter values shown in Fig. 5(a), we get
B1 = −0.0999948 and B2 = −0.0295183 for the am-

plitude equation. Hence, for the limit cycle to exist we
require Δ1 < 0 implying Kc2 < Kc2o (the linearly un-
stable region). Stability analysis of the fixed point (32)
of the slow-flow equation (30) gives us that the limit
cycle is stable. A stable limit cycle coexisting with an
unstable equilibrium implies that the bifurcation is su-
percritical in nature.

The previous analysis can also be performed by
considering the belt velocity vb as the bifurcation para-
meter. In this case, we perturb vb as vb = (vb)c2 +ε2Δ.
The relevant equation for this case can be obtained by
substituting h1 = h1o + ε2Δh1 and h2 = h2o + ε2Δh2

into (23), where h1o and h2o are the values of h1

and h2 at the critical belt velocity (vb)c2 and Δh1 =
− 2α1(vb)c2

v2
m

Δ and Δh2 = α1
v2
m
Δ. Following the proce-

dure outlined above, we find the same form of the
amplitude and phase equations as given by (31) with

Δ1 = ε2Δh1 = −ε2 2α1(vb)c2
v2
m

Δ. The coefficients in the

amplitude equation (30) for parameters in Fig. 5(b)
are B1 = 0.501997 and B2 = −0.0295183. The bifur-
cation diagrams obtained using numerical simulations
and the two asymptotic methods considering both Kc2

and vb as the bifurcation parameters, are compared in
Fig. 5.

A similar analysis for control force 1 (6a) with
Kc1 as the bifurcation parameter and other parame-
ters as shown in Fig. 6(a) gives the coefficients as
B1 = −0.3634388 and B2 = 0.033795; and with vb
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Fig. 6 Amplitude of pure slipping motion of the mass as a func-
tion of (a) control gain, (b) belt velocity. Circles correspond to
numerical integration of (6a). Solid and dashed lines correspond

to MMS results and results obtained from the averaging method
respectively. (vb)c1 denotes the critical belt velocity for control
force 1

as the bifurcation parameter (with other parameters
as shown in Fig. 6(b)), we get B1 = 0.508729 and
B2 = 0.037951. The corresponding bifurcation dia-
grams are again compared in Fig. 6.

We observe from Figs. 5 and 6 that the MMS so-
lution approximates the numerical solution better than
the results obtained using the averaging method. For
control force 1, the results obtained using the averag-
ing method and the MMS are equally good in Fig. 6.
This is because of the choice of a smaller time delay
where the stability boundary by averaging method al-
most coincides with the exact stability boundary. For
higher time delays, the stability boundary by the aver-
aging method differs significantly from the exact sta-
bility boundary and, hence, the MMS result outper-
forms the averaging method. The inferior performance
of the averaging method is again due to the approxima-
tion in (16) whereby it holds only for small values of
Kc1.

4 Analysis of the system with exponential friction
model

In this section, we will analyze the system with the ex-
ponential friction model. Since majority of the analy-
sis follows almost exactly as in Sect. 3, only the salient
features of the approach are presented here and we fo-
cus more on the results.

4.1 Linear stability analysis

The linearized form of (8a) and (8b) is exactly sim-
ilar to (9a) and (9b) with h1 = γ a − 2ξ . Details of
the subsequent analysis are, therefore, suppressed and
only the results are plotted in Fig. 7.

As noted previously, the stability regimes increase
with an increase in the belt velocity. In the next sub-
section, we perform the nonlinear analysis using the
method of multiple scales (MMS) only. The averaging
method has not been reported as it does not provide
any new information and has been already shown to
be inferior to MMS in Sect. 3.

4.2 Nonlinear analysis by method of multiple scales
(MMS)

We substitute z = εy into (8a) (for control force 1) to
render the nonlinearities small, and then expand the
exponential term in a series and retain only terms up
to the third order to obtain

y′′ + y − h1y
′ − εh2y

′2 − ε2h3y
′3

+ Kc1y(τ) − Kc1y(τ − T1) = 0 (33)

with h1 = γ a − 2ξ , h2 = γ a2

2 , h3 = γ a3

6 and γ =
(�μ)e−avb . Proceeding as in Sect. 3.2.2, we obtain the
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Fig. 7 Stability boundaries for (a) control force 1 and (b) control force 2. Parameters: ξ = 0.06, μk = 0.4, μk = 0.255, a = 1.6

Fig. 8 Amplitude of unstable limit cycle as a function of (a) control gain, (b) belt velocity. Circles correspond to numerical solution
of (8a). Solid line corresponds to MMS results. (vb)c1 denotes the critical belt velocity

amplitude and phase equations which have the same
form as given by (30) and (31), i.e.,

dA1

dτ
= (B1Δ1)A1 + B2A

3
1,

dϕ1

dτ
= (B3Δ1) + B4A

2
1.

For the parameter values shown in Fig. 8(a), we get
B1 = −0.1976153565 and B2 = 0.8242027821 for the

amplitude equation with the control gain Kc1 as the

bifurcation parameter. Note from the values of B1 and

B2 that for a limit cycle to exist, we require Δ1 > 0,

which implies Kc1 > Kc1o (the linearly stable region).

A linear stability analysis of the fixed point corre-

sponding to this limit cycle reveals that it is unstable.

Hence, an unstable limit cycle coexists with a stable

equilibrium, signifying a subcritical bifurcation.
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While considering the belt velocity vb as the bifur-
cation parameter, we perturb vb as vb = (vb)c1 + ε2Δ.
Accordingly, h1, h2 and h3 get modified to h1 =
h1o+ε2Δh1, h2 = h2o+ε2Δh2 and h3 = h3o +ε2Δh3,
where h1o, h2o and h3o are the values of h1, h2 and
h3 at the critical belt velocity (vb)c1, and Δh1 =
−((Δμ)a2e−a(vb)c1)Δ, Δh2 = −(

(Δμ)a3

2 e−a(vb)c1)Δ

and Δh3 = −(
(Δμ)a4

6 e−a(vb)c1)Δ. The coefficients of
the amplitude equations are B1 = 0.507905784 and
B2 = 0.8242027821 for the parameter values shown in
Fig. 8(b), with Δ1=ε2Δh1=−ε2((Δμ)a2e−a(vb)c1)Δ.
Again, the bifurcation is subcritical in nature and un-
stable limit cycles exist around the stable equilibrium
for vb > (vb)c1.

As expected, the MMS result matches the numer-
ical results very well. Note that there are large am-
plitude limit cycles involving stick-slip motion co-
existing with the small-amplitude unstable limit cy-
cles. These stick-slip limit cycles are not shown in
Fig. 8. These solutions involving stick-slip motion
require special analytical as well as numerical tech-
niques which are not explored in this paper. However,
the limiting case wherein the stable stick-slip motion
coincides with the unstable pure slip motion is consid-
ered in the next section for the global stability analysis.
This analysis is required to obtain the critical velocity
corresponding to global stability of the static equilib-
rium since it is only locally stable above the critical
belt velocity due to the subcritical nature of the bifur-
cation.

4.3 Global stability analysis

The analysis in this section closely follows the cor-
responding analysis in [31]. The unstable limit cycle
merges with the stable stick-slip limit cycle in a cyclic
fold bifurcation leaving the static equilibrium globally
stable afterwards. At the cyclic fold point, there is a
unique limit cycle which is tangential to the vr = 0
line, or equivalently, tangential to the z′ = vb line in
the z–z′ plane. Hence, the solutions to (8a) and (8b)
can be written as

z′ = vb cos(ωτ), and

z = c0 + vb

ω
sin(ωτ),

(34)

where the constant c0 can be obtained using harmonic
balance. However, it is not important for the current
analysis. The frequency of oscillation ω in (34) is ei-
ther ω1 or ω2, depending on the control force. The

equations relating the frequencies ω1 and ω2 with
the control parameters (found using harmonic balance
method) are

ω2
1 − (1 + Kc1) + Kc1 cos(ω1T1) = 0, (35a)

ω2
2 − 1 + Kc2 cos(ω2T2) = 0, (35b)

respectively. The change in energy per cycle at the
cyclic fold point for these two cases is given by

E1(Kc1, T1)

= πvb

ω1

(
2γ I1(avb) − 2ξvb − vbKc1

ω1
sin(ω1T1)

)
,

(36a)

E2(Kc2, T2)

= πvb

ω2

(
2γ I1(avb) − 2ξvb − vbKc2

ω2
sin(ω2T2)

)

(36b)

with I1(avb) as the modified Bessel’s functions of or-
der one. For a limit cycle, the change in energy per
cycle is zero and accordingly E1 = 0 and E2 = 0. This
condition, along with (35a) and (35b), gives us the re-
quired equations for the global stability boundary for
the two control forces. These can be solved to either
get the belt velocities (vb)g1 and (vb)g2 correspond-
ing to the cyclic fold point for fixed values of control
parameters, or the values of the control parameters for
a given belt velocity. The global stability boundary in
the control parameter plane thus obtained is shown in
Fig. 9, along with the linear stability boundary for both
the control forces.

In the next section, we will compare the efficacy
of the two types of time-delayed control forces in
quenching friction-induced oscillations.

5 Comparison of the control forces

The comparison in this section is mainly based on
the stability of the static equilibrium, which implies
complete quenching of the vibrations. However, par-
tial quenching with only a reduction in the amplitude
is also considered as another criterion wherein the ef-
fect of the two control forces is compared based on
the bifurcation diagrams. Finally, some comparison
has been done based on the control energy and control
force requirements. The choice of friction parameters
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Fig. 9 Local and global stability boundaries in the control parameter plane for (a) control force 1, (b) control force 2. Parameters are:
vb = 0.35, ξ = 0.06, μs = 0.4, μk = 0.255 , and a = 1.6

in the previous sections was governed by the fact that
the two friction forces match reasonably well in the
desired interval of relative velocities. This was done
to highlight the fact that two similarly looking fric-
tion models can give rise to different qualitative nature
of the bifurcation. In this section, we will use a dif-
ferent set of friction parameters to accentuate the dif-
ference between the two control forces. We also em-
phasize that this paper is completely based on theo-
retical considerations. Implementation of these con-
trol forces in an experimental study will involve sev-
eral practical considerations which might require fine-
tuning of certain control parameters and could possi-
bly give rise to observations which are in conflict with
the current paper. However, we expect the trends to
largely remain the same. Detailed experimental study
along these lines will be carried out in future.

5.1 Comparison based on complete quenching
of vibrations

Figure 10 compares the stability boundaries for con-
trol forces 1 and 2 for the two different friction models
(or equivalently, two different sets of system parame-
ters). It is observed that the stability region for control
force 2 is larger than that for the control force 1 in both

the cases (for Kc < 1).1 This implies that for the same
control gain, the static equilibrium is stable for a larger
range of time delays for the control force 2 implying
higher robustness of control w.r.t. fluctuations in the
time delay. The same holds for a variation in the con-
trol gain for a fixed time delay as long as the control
gain is smaller than 1.

Figure 11 compares the critical belt velocity for the
two control forces for the system with the polynomial
friction model. The critical belt velocity is found from
the linear stability analysis as described in Sect. 3.1
(i.e., (15a) and (15b)), and above the critical belt ve-
locity the static equilibrium is globally stable since
the bifurcation is supercritical in nature. It is observed
that the critical belt velocity for control force 2 is al-
ways less than that for control force 1 for all control
gains and delays. The critical belt velocities for the
two forces are very close to each other for smaller de-
lays and the difference increases with an increase in
the delay. The critical belt velocities are the smallest
in the intermediate delay regime and, hence, we will
focus on this regime in the hardware implementation
of the control forces. Control force 2 clearly has a sig-
nificantly smaller minimum critical belt velocity than
control force 1. The difference between the two forces

1As noted earlier, we do not emphasize on larger control gains
since the objective of vibration quenching can be achieved with
smaller control gains as well.
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Fig. 10 Comparison of stability boundaries for control forces
1 and 2. (a) For polynomial friction model with parameters
vb = 0.3, ξ = 0.05, μs = 0.4, μm = 0.25, vm = 0.5. (b) For ex-

ponential friction model with parameters vb = 0.25, ξ = 0.025,
μk = 0.1, �μ = 0.1, a = 10

increases with an increase in the control gain as well.
For higher control gains, the critical belt velocity is
zero for a range of time delays which means that the
system is globally stable for any operating belt veloc-
ity. It is also interesting to note that the critical belt
velocity for higher time delays increases past the crit-
ical belt velocity for the uncontrolled system. Hence,
a larger time delay in the control force destabilizes the
stable equilibrium.

The critical belt velocities corresponding to the
Hopf bifurcation point (vb)c and the cyclic fold bifur-
cation point (vb)g for the two types of control forces
are compared for ranges of time delays for some fixed
values of control gains for the exponential friction
model in Fig. 12. Note that the equilibrium is glob-
ally stable past (vb)g only and is only locally stable
past (vb)c . The difference in the critical belt veloc-
ities ((vb)c1 and (vb)c2) for the two control forces
and the belt velocities corresponding to the cyclic fold
point ((vb)g1 and (vb)g2) follows the same trend as
in Fig. 11 for the polynomial friction model. On the
other hand, the difference between (vb)c1 and (vb)g1

or (vb)c2 and (vb)g2 starts off at a higher value, re-
duces with increasing time delays, reaches a minimum
for a certain delay value and increases thereafter. Note
that this difference is significantly smaller for a large
range of control parameters than the difference for the
uncontrolled system. Hence, the region of bi-stability
is narrowed by time-delayed control forces giving an-

other indication of the effectiveness of control. With
an increase in the gain value, the minimum difference
between (vb)c and (vb)g reduces and beyond a certain
critical gain value, the two curves almost coincide for
certain regimes of the time delays. This roughly means
that the equilibrium is globally stable past the Hopf
bifurcation point. Also for significantly higher gains,
as in Fig. 14(d), the system becomes globally stable
for any operating belt velocity for a large range of
time delays. In all the four cases, (vb)c2 < (vb)c1 and
(vb)g2 < (vb)g1. Hence, control force 2 outperforms
control force 1 for the exponential friction model as
well.

5.2 Comparison based on partial quenching
of vibrations

Figure 13 depicts the bifurcation diagram for the poly-
nomial friction model with the belt velocity as the bi-
furcation parameter for the uncontrolled system, an
undelayed linear position feedback and the two de-
layed feedback control forces. Below the critical belt
velocity, the static equilibrium is unstable and there
are stable limit cycles. As mentioned earlier, only limit
cycles with pure slip motion are plotted in Fig. 13. It
is observed from the figure that linear undelayed posi-
tion feedback reduces the amplitude of oscillations but
has no effect on the critical belt velocity. Therefore,
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Fig. 11 Comparison of critical belt velocities for the two types
of control forces with the polynomial friction model. (vbc)un is
the critical belt velocity for the uncontrolled system. Parameters:

ξ = 0.05, μs = 0.4, μm = 0.25, vm = 0.5, (a) Kc1 = Kc2 = 0.2,
(b) Kc1 = Kc2 = 0.3, (c) Kc1 = Kc2 = 0.4, (d) Kc1 = Kc2 =
0.5

complete quenching of friction-induced vibrations re-
quires time-delayed position feedback.2 Figure 13(a)
is plotted for a time delay of 0.4 for which the critical
belt velocities for the two control forces are almost the
same (see Fig. 11(a)). It can be noted from Fig. 13(a)
that the amplitude of the limit cycles increases faster

2Note that complete quenching can be attained using undelayed
velocity feedback as well. However, the discussions in this paper
pertain to position feedback only.

for control force 2 than that for control force 1. Hence,
for this choice of time delay, control force 1 is a bet-
ter option since for a given belt velocity and control
gain, it will result in smaller amplitudes of vibrations.
However, for a higher time delay like 1.5 in Fig. 13(b),
the critical belt velocity for the control force 2 is lower
than that for control force 1. Therefore, for a given
belt velocity the amplitude of the limit cycle is always
smaller for control force 2. Hence, control force 2 is a
better choice even with regard to partial quenching of
vibrations.
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Fig. 12 Comparison of critical belt velocities corresponding to
the Hopf point and the cyclic fold point for the two types of
control forces for the exponential friction model. (vbc)un and
(vbg)un are the critical belt velocities corresponding to the Hopf

point and the cyclic fold point for the uncontrolled system, re-
spectively. Parameters: ξ = 0.025, μk = 0.1, �μ = 0.1, a = 10,
(a) Kc1 = Kc2 = 0.2, (b) Kc1 = Kc2 = 0.4, (c) Kc1 = Kc2 =
0.6, (d) Kc1 = Kc2 = 0.9

Figure 14 shows the same diagrams as in Fig. 13
but for the system with an exponential friction model.
Since the bifurcation is subcritical in nature for this
friction model, unstable limit cycles coexist with lin-
early stable equilibrium. In this region of local stabil-
ity, the equilibrium is stable for perturbations smaller
in magnitude than the amplitudes of the limit cycles
and unstable for larger perturbations. Hence, it is de-
sirable to have larger amplitude limit cycles for any
belt velocity. The unstable limit cycles are plotted up

to the cyclic fold bifurcation point after which the sta-

tic equilibrium is globally stable. It can be observed

from Fig. 14(a) and (b), that the amplitudes of the

limit cycles are always larger for control force 2 for

any given belt velocity. Therefore, equilibrium is sta-

ble for larger perturbations for the system with control

force 2 than control force 1. Hence, control force 2

outperforms control force 1 for the exponential fric-

tion model.
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Fig. 13 Comparison of bifurcation diagrams with belt velocity as the bifurcation parameter for two different sets of parameter values
for the polynomial friction model

Fig. 14 Comparison of bifurcation diagrams with belt velocity as the bifurcation parameter for two different sets of parameter values
for the exponential friction model

5.3 Comparison based on energy and force
requirements

In this subsection, we compare the two delayed con-
trol strategies considering the required energy and the
maximum control force. For this purpose, we consider
the operating belt velocity in the unstable regime of
the uncontrolled system and control parameters in the
stable regime. Therefore, the application of the control

force completely quenches the vibrations. For energy
calculations, we will consider the energy required to
bring the solution to 1% of its amplitude. From (30)
(the slow-flow amplitude equation), we get the evolu-
tion of the amplitude as

A1(τ ) =
√

B1B5Δ1e2B1Δ1τ

1 + B2B5e2B1Δ1τ
, (37)
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where B5 = A2
10

B1Δ1−B2A
2
10

, A10 = A1(0) is the ampli-

tude of the limit cycle of the uncontrolled system at
the operating belt velocity, and other parameters are
as explained in Sects. 3.2.2 and 4.2. Now, the energy
required to drive the controllers for the two control
forces are

E1 = −
∫

Kc1
[
z(τ − T1) − z(τ )

]
z′(τ ) dτ, (38)

E2 = −
∫

Kc2z(τ − T2)z
′(τ ) dτ. (39)

To get the energy expressions, we make the following
assumptions:

z(τ ) = A1(τ ) cos(ω1,2τ),

z′(τ ) = A′
1(τ ) cos(ω1,2τ)

− ω1,2A1(τ ) sin(ω1,2τ),

A1(τ − T1,2) = A1(τ ),

(40)

where ω1 and ω2 are chosen to be the values obtained
from the linear stability analysis of control forces 1
and 2, respectively. With the help of these assumptions
and (37) we find the energy expressions as

E1(τ ) = −Kc1B1B5Δ1e
2B1Δ1τ

1 + B2B5e2B1Δ1τ
cos(ω1τ)

× sin

(
ω1T1

2

)
sin

(
ω1τ − ω1T1

2

)

+ Kc1ω1 sin(ω1T1) ln(1 + B2B5e
2B1Δ1τ )

4B2

+ B6, (41)

E2(τ ) = Kc2B1Δ1 cos(ω2T2)

2B2(1 + B2B5e2B1Δ1τ )

+ Kc2B1B5Δ1e
2B1Δ1τ

2(1 + B2B5e2B1Δ1τ )

× sin(ω2τ) sin(ω2τ − ω2T2)

+ Kc2ω2 sin(ω2T2) ln(1 + B2B5e
2B1Δ1τ )

4B2

+ B7. (42)

The integration constants B6 and B7 are obtained
by imposing E1(0) = 0 and E2(0) = 0.

The expressions for energy ((41) and (42)) are ob-
tained using the assumption A1(τ −T1,2) = A1(τ ) and

Fig. 15 Energy required for the two control forces for the
polynomial friction model with parameters ξ = 0.05, μs = 0.4,
μm = 0.25, vm = 0.5, vb = 0.4, T1 = T2 = 1.5

are, therefore, valid either for smaller time delays only
or when the system is close to the Hopf point such
that the amplitude varies slowly with time. The en-
ergy required for the two control forces considering
the polynomial friction model with system parameters
ξ = 0.05, μs = 0.4, μm = 0.25, vm = 0.5, vb = 0.4,
T1 = T2 = 1.5 is shown in Fig. 15. To generate this
figure, first (37) is solved for the time required for the
amplitude to become 0.1 A10 and this value is then
substituted into (41) or (42) for control forces 1 and
2, respectively. It can be seen from Fig. 15 that for a
fixed time delay, control force 2 requires lesser energy
than control force 1 for smaller control gains and the
scenario reverses for higher control gains.

We next consider the maximum force required by
the two control forces. Control forces 1 and 2 with the
assumptions given in (40) give us

F1 = Kc1A1(τ )
[
cos(ω1τ − ω1T1) − cos(ω1τ)

]
and

F2 = Kc2A1(τ ) cos(ω2τ − ω2T2).

Clearly the maximum value of A1(τ ) is A10. Substitut-
ing this into the above equations and taking the maxi-
mum of the other time-dependent terms, we get

(F1)max = 2Kc1A10 sin

(
ω1T1

2

)
and

(F2)max = Kc2A10.

(43)
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Fig. 16 Ratio of maximum forces required for the two control
forces as a function of the belt velocity. Parameters: ξ = 0.05,
μs = 0.4, μm = 0.25, vm = 0.5, T1 = T2 = 1.2

From (43), we note that the maximum control force
is linearly proportional to the control gain for a fixed
value of the time delay. Accordingly, to minimize the
maximum control force along with achieving the ob-
jective of stabilization of the equilibrium, we choose
the control gains at the Hopf point. The ratio of the
minimum values of these maximum control forces can
then be obtained as

rF = 2
Kc1o

Kc2o

sin

(
ω1T1

2

)
. (44)

Thus, the maximum force ratio depends largely on the
time delay T1 and to a smaller extent on the belt ve-
locity via the frequency ω1 at the Hopf point. It is ob-
served from Fig. 10(a) that for a fixed belt velocity and
time delay, Kc1o > Kc2o. Also from (13a), we must
have ω1 > 1 for Kc1 > 0. Thus, if the time delay is
chosen such that T1 > π

3 , we always will get rF > 1
(as depicted in Fig. 16). Note from Fig. 10(a) that
the region around T1 > π

3 is the region correspond-
ing to the minimum control gain as well and, hence,
is the preferred choice for minimization of the control
forces. Therefore, from the point of view of the mini-
mum control force required for stabilization, the con-
trol strategy of Kc2z(τ −T2) seems to be the preferred
choice as well.

6 Conclusions

In this paper, we have performed a detailed study on
the effectiveness of time-delayed control forces for

friction-induced vibrations. Two different models for
the frictional forces which are popular in the liter-
ature have been considered and shown to result in
qualitatively different dynamics. Two different control
strategies based on time-delayed feedback from previ-
ous literature have also been considered. Both linear
and nonlinear stability analysis is performed. Stability
boundaries separating regions with stable and unstable
equilibria are plotted in the plane of the control para-
meters (control gain and time delay). Stability is found
to be lost via a Hopf bifurcation. Nonlinear analysis
is performed using two different perturbation meth-
ods, viz. the method of averaging and the method of
multiple scales (MMS). It has been observed that the
method of multiple scales requires less approximation
than the method of averaging and is, therefore, supe-
rior in the sense that the results obtained from MMS
match the numerical solution much better.

It has been found that the nature of the Hopf bifur-
cation depends on the specific friction model used in
the analysis. In particular, the bifurcation is supercrit-
ical for the polynomial friction model used by Thom-
sen [4] while it is subcritical for the exponential fric-
tion model used by Hinrichs et al. [3]. The friction pa-
rameters for the two models were chosen such that the
frictional forces represented by the two models closely
match in a certain range of relative velocity. However,
they differed in the sign of the third derivative of the
force w.r.t. the relative velocity. Hence, a set of experi-
mental data points for the friction force versus relative
velocity can be fitted with any one of the two friction
models; but the system dynamics, i.e., the nature of
the bifurcation, will depend on the model. The model
to be used for these vibrations under given operating
conditions, therefore, should be obtained using an ex-
perimental investigation of the nature of the associated
bifurcation. We will perform this study in our future
work.

Our comparison of the two types of control forces
derived from time-delayed feedback shows that theo-
retically the control force given by Kcz(τ −T ) is more
desirable than the control force Kc[z(τ − T ) − z(τ )]
in almost all measures of control effectiveness used in
this study. The various measures of effectiveness used
for comparison of the control forces include complete
and partial quenching of the vibrations as well as en-
ergy and maximum force requirements. Detailed ex-
perimental investigation required to verify these ob-
servations will be performed in future.
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Appendix: Expressions involved in the slow-flow
equations, i.e., (30) and (31)

H0 = 4T2oK
3
c2o + 4 cos(3ωT2o)h1Kc2o + 4T2oKc2o

− 8 cos(2ωT2o)T2oK
2
c2o − 4 cos(ωT2o)h1

− 4 cos(ωT2o)h1K
2
c2o + 4 cos(ωT2o)h1Kc2o,

H1 = −16 sin(2ωT2o)T2oK
2
c2oh1

+ 8 sin(3ωT2o)h
2
1Kc2o + 8 sin(3ωT2o)Kc2o

− 8 sin(ωT2o) − 8 sin(ωT2o)K
2
c2o

− 8 sin(ωT2o)K
2
c2o + 8 sin(ωT2o)h

2
1Kc2o,

H2 = −32T2oKc2o + 32 cos(2ωT2o)T2oK
2
c2o

+ 16T2oKc2oh
2
1 − 32 cos(3ωT2o)h1Kc2o

+ 32 cos(ωT2o)h1 − 16 cos(ωT2o)h
3
1,

H3 = −32 sin(3ωT2o)Kc2o − 32 sin(ωT2o)h
2
1

+ 32 sin(ωT2o)Kc2o + 64 sin(ωT2o),

H4 = 64T2oKc2o − 64 cos(ωT2o)h1,

H5 = −128 sin(ωT2o),G3 = 3T2oK
2
c2o sin(ωT2o)h3

− 3 sin(3ωT2o)T2oK
2
c2oh3

+ 3T2oKc2o sin(ωT2o)h3

+ 3T2oK
3
c2o sin(ωT2o)h3,

G4 = 6T2oK
2
c2oh3 cos(ωT2o)h1

− 12 cos(2ωT2o)h3Kc2o

− 4 cos(2ωT2o)h1h
2
2Kc2o

− 4T2oKc2o cos(ωT2o)h
2
2

+ 4 cos(3ωT2o)T2oK
2
c2oh

2
2

− 6 cos(3ωT2o)T2oK
2
c2oh3h1

+ 6h3 + 4h1h
2
2 + 6h3K

2
c2o,

G5 = −12 sin(3ωT2o)T2oK
2
c2oh3

− 12T2oKc2o sin(ωT2o)h
2
1h3

+ 8 sin(2ωT2o)h
2
2Kc2o

− 24 sin(2ωT2o)h3Kc2oh1

+ 24T2oKc2o sin(ωT2o)h3

+ 8T2oKc2o sin(ωT2o)h
2
2h1

+ 12T2oK
2
c2o sin(ωT2o)h3,

G6 = 16T2oKc2o sin(ωT2o)h
2
2 + 48 cos(2ωT2o)h3Kc2o

− 32h1h
2
2 + 24h3h

2
1 − 48h3,

G7 = −48T2oKc2o sin(ωT2o)h3,

G8 = 96h3,

U0 = 4 sin(ωT2o)h1Kc2o + 4 sin(ωT2o)h1

− 4 sin(3ωT2o)h1Kc2o + 4 sin(ωT2o)h1K
2
c2o,

U1 = 8 cos(3ωT2o)Kc2o + 8 cos(3ωT2o)Kc2o

− 8 cos(ωT2o)K
2
c2o − 8 cos(ωT2o)h

2
1Kc2o

− 8 cos(ωT2o) + 8 cos(3ωT2o)h
2
1Kc2o,

U2 = −32h1 sin(ωT2o) + 32 sin(3ωT2o)h1Kc2o

+ 16 sin(ωT2o)h
3
1,

U3 = −32 cos(ωT2o)h
2
1 − 32 cos(ωT2o)Kc2o

+ 64 cos(ωT2o) − 32 cos(3ωT2o)Kc2o,

U4 = 64 sin(ωT2o)h1,U5 = −128 cos(ωT2o),

W3 = −3K2
c2oh1h3 − 3T2oK

2
c2o cos(ωT2o)h3

− 3h1h3 + 3T2oKc2o cos(ωT2o)h3

+ 3 cos(ωT2o)T2oK
3
c2oh3

− 3T2oK
2
c2o cos(3ωT2o)h3

+ 6Kc2o cos(2ωT2o)h1h3,

W4 = −6T2oK
2
c2oh3 sin(3ωT2o)h1

− 4T2oKc2o sin(ωT2o)h
2
2

− 6 sin(ωT2o)T2oK
2
c2oh3h1

+ 4 sin(3ωT2o)T2oK
2
c2oh

2
2

− 4 sin(2ωT2o)h1h
2
2Kc2o

+ 12 sin(2ωT2o)h
2
1h3Kc2o,

W5 = 24h1h3 − 8T2oKc2o cos(ωT2o)h
2
2h1 − 12h3

1h3

+ 8h2
2 − 8 cos(2ωT2o)h

2
2Kc2o + 8h2

1h
2
2

− 12 cos(3ωT2o)T2oK
2
c2oh3
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− 24T2oKc2o cos(ωT2o)h3

− 24 cos(2ωT2o)h3Kc2oh1

+ 12T2oK
2
c2o cos(ωT2o)h3

+ 12T2oKc2o cos(ωT2o)h
2
1h3,

W6 = 16T2oKc2o sin(ωT2o)h
2
2,

W7 = −48h1h3 + 48T2oKc2o cos(ωT2o)h3 + 32h2
2,

D0 = h2
1K

2
c2o + 2K2

c2oT2oh1 cos(3ωT2o)

+ 2K2
c2oT2o cos(ωT2o)h1

− 2K3
c2oT2o cos(ωT2o)h1

+ K4
c2oT

2
2o + K2

c2oT
2
2o

− 2Kc2oT2o cos(ωT2o)h1

− 2h2
1Kc2o cos(2ωT2o)

− 2K3
c2oT

2
2o cos(2ωT2o) + h2

1,

D1 = 4K2
c2oT2oh

2
1 sin(ωT2o)

− 4K3
c2oT

2
2oh1 sin(2ωT2o)

+ 4K2
c2oT2o sin(3ωT2o) − 4h3

1Kc2o sin(2ωT2o)

+ 4K2
c2oT2oh

2
1 sin(3ωT2o)

− 4K2
c2oT2o sin(ωT2o) − 4Kc2oT2o sin(ωT2o)

− 4K3
c2oT2o sin(ωT2o),

D2 = 4h4
1 − 8K2

c2oT
2
2o + 4K2

c2o

+ 8K3
c2oT

2
2o cos(2ωT2o) + 8Kc2oh

2
1 cos(2ωT2o)

− 8Kc2o cos(2ωT2o) − 8h2
1

− 16h1K
2
c2oT2o cos(3ωT2o) + 4K2

c2oT
2
2oh

2
1

+ 16Kc2oT2o cos(ωT2o)h1

− 8Kc2oT2o cos(ωT2o)h
3
1 + 4,

D3 = −16K2
c2oT2o sin(3ωT2o) − 16Kc2oh1 sin(2ωT2o)

+ 32Kc2oT2o sin(ωT2o) + 16K2
c2oT2o sin(ωT2o)

− 16Kc2oT2o sin(ωT2o)h
2
1,

D4 = 32h2
1 + 16K2

c2oT
2
2o − 32

− 32Kc2oT2o cos(ωT2o)h1

+ 32Kc2o cos(2ωT2o),

D5 = −64Kc2oT2o sin(ωT2o),D6 = 64.
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